Engineering of phononic resonances in ferroelectric structures is a new knob to realize novel multifunctional devices. Here we show the possibility of predictively designing and fabricating phononic nanoresonators utilizing combinations of MBE-grown insulating (BaTiO 3 , SrTiO 3 ) and metallic (SrRuO 3 ) oxides. We experimentally demonstrate the confinement of acoustic waves in the 100-GHz frequency range in a phonon nanocavity, and the the time and spatial beatings resulting from the coupling of two different hybrid nanocavities forming an acoustic molecule. Additionally, the direct measurement of Bloch-like oscillations of acoustic phonons is observed in a system formed by ten coupled resonators. Utilizing coherent phonon generation techniques, we study phonon dynamics directly in the time domain. The metallic SrRuO 3 layer introduces a local phonon generator and transducer that allows for the spatial, spectral, and time-domain monitoring of the complex generated waves. Our results introduce ferroelectric cavity systems as a new realm for the study of complex wave localization phenomena at the nanoscale. These systems can be successfully designed and conceived using state of the art growth techniques that combine perovskite oxides possessing multifunctional properties.
I. INTRODUCTION
The study of complex localization phenomena requires direct access to spatial, temporal, and spectral information, which is not easily accessible in photonics and extremely challenging in electronics [1] [2] [3] [4] [5] [6] . In this work, we unlock a new realm in the field of localization phenomena by using ferroelectric-based acoustic nanocavities as building blocks of complex structures.
Acoustic nanocavities [7] [8] [9] [10] that confine and enhance phononic fields in the giga-and terahertz (GHz and THz, respectively) spectral range have been a subject of intense investigation for over a decade. The possibility of actually using acoustic phonons to control and modulate other excitations in solids, to process information, or to simulate other systems [11] [12] [13] [14] [15] has become the main motivation to investigate acoustic-phonon devices. An acoustic nanocavity is usually formed by two distributed Bragg reflectors (DBRs) enclosing an acoustic spacer [7] , working in a similar way to how a classical Fabry-Perot interferometer works for light. Layers with * axel.bruchhausen@cab.cnea.gov.ar † daniel.kimura@c2n.upsaclay.fr thickness of a few nanometers, and atomically flat interfaces are two stringent requirements to fabricate devices capable of manipulating acoustic phonons in the GHz-THz range. A plethora of acoustic phonon devices have been experimentally demonstrated, ranging from acoustic mirrors and optimized filters [16] to complex coupled-cavity structures [15] . Conventional semiconductors [17] [18] [19] have usually been at the base of these devices mainly due to experience and maturity gained over the past few decades in the growth of such materials for electronics and optoelectronics applications. Nanocavities grown with other materials, such as ferroelectric and multifunctional oxides, have been less studied mainly due to the challenges of synthesizing heterostructures with the needed quality and interface precision. Despite this limitation, the superior acoustic performance and strong coupling between phonons, charge, and light of these materials has been recently demonstrated in acoustic superlattices, nanocavities, and other devices grown by reactive molecular-beam epitaxy (MBE) [8, [20] [21] [22] . The use of ferroelectric materials in nanophononic applications paves the way towards novel devices where new interactions and transduction mechanisms can be engineered.
Acoustic phonons in the GHz-THz range lack commercial sources like the ones used for audible sound. Coherent acoustic-phonon generation techniques usually require the use of pulsed lasers and a light/hypersound transducer [23] [24] [25] [26] . The engineering and development of these transducers remains a major challenge in nanophononics. Metals like gold, nickel, and aluminum present excellent transduction capabilities in the near infrared (NIR) range [9, [27] [28] [29] due to the photothermal coupling associated with large absorption coefficients. Conventional semiconductor and piezoelectric materials bring additional transduction mechanisms into the game, [25, 27, [30] [31] [32] [33] and expand the application domains of nanophononics towards real electronic and optoelectronic devices. Interestingly, conventional semiconductor materials do not present the best possible phononic performance. SrTiO 3 (STO) has many properties that make it an attractive material for multifunctional-based material applications: it is a quantum paraelectric, it becomes superconducting at low temperatures (when highly doped), it can be used as a substrate for other multifunctional perovskites, it can be conductive or insulating depending on the dopants, etc. BaTiO 3 (BTO) is a standard ferroelectric with a Curie temperature that can be tuned up to 800 K by strain engineering [34] . Both, BTO and STO, are perovskite oxides that have optical gaps in the 350 nm wavelength (NUV) range, and thus, they are transparent in the near-infrared spectral range [21] . As such, they have a limited potential to be used as transducers using standard coherent phonon generation techniques. SrRuO 3 (SRO), on the other hand, is a metallic perovskite with a strong absorption of light in the NIR spectral range [35, 36] , enabling a strong and localized generation and detection of longitudinal acoustic phonons, with the interesting added value, with respect to prior work [9] , that it can be epitaxially integrated with the aforementioned materials in the fabrication process.
In this work, we show the selective spatially localized impulsive generation and detection of acoustic phonons in a cavity based on a BTO/STO distributed Bragg reflector. We achieve spatially selective phonon generation and sensing by using SRO as the core layer of the cavity. Using highspeed asynchronous optical sampling (ASOPS) pump-probe spectroscopy [37] [38] [39] , cavity dynamics can be clearly analyzed directly within the time domain. We also study the phonon dynamics of a coupled acoustic cavity system (the phononic equivalent of a hydrogen molecule) [11] , where one of the cavity spacers was made of SRO. We report the direct observation of the time and spatial beatings in such an acoustic molecule. The generation of strain in one of the cavities, and the consequent exchange of elastic energy with the second cavity can be clearly observed. With these two simple structures we set the building blocks for the study of complex localization phenomena, such as Bloch oscillations [1] .
Bloch oscillations [1] are one of the most striking quantum localization effects in solid state physics: an electron in a crystalline potential subject to a constant force will oscillate instead of being uniformly accelerated. In addition to electronics [40, 41] , Bloch oscillations have been reported in a series of systems including molecular systems [42] , atoms in optical lattices [3] , photonic [43] , surface acoustic waves [44] , and nanophononic [15] coupled cavity systems. By coupling a series of acoustic cavities, and introducing a gradient in the resonant frequencies, it is possible to mimic the effect in a nanophononic system [11, 45] . We demonstrate the scalability of the structures studied by extending the use of SRO as a local transducer to a system composed of ten coupled acoustic nanocavities [11] in order to excite and measure Bloch-like oscillations of acoustic phonons in the 100-GHz range.
The paper is organized as follows. Section II is devoted to the study of a single hybrid cavity; Sec. III introduces the concept of a hybrid phononic molecule and presents the experimental study of the phonon dynamics in these structures. Results on Bloch oscillations of acoustic phonons in coupled cavity systems are presented in Sec. IV. Finally, in Sec. V, we conclude and present future perspectives.
II. HYBRID ACOUSTIC NANOCAVITIES
In this section, we introduce a device formed by a hybrid metal cavity (SRO) with a BTO/STO epitaxial oxide phonon mirror. A schematic of the structure is shown in Fig. 1(b The effective λ/2 cavity spacer is formed by a bilayer of SRO and STO. In this cavity structure, an acoustic mirror is formed by a phononic distributed Bragg reflector made of 6.5 bilayers of BTO 26 /STO 47 , where the subscripts indicate the number of unit cells of each material. The sample/air interface corresponds to a free surface boundary condition, resulting in total acoustic reflection, thus completing the cavity structure. Figure 1(d) contains the calculated surface displacement as a function of the acoustic phonon frequency for vibrations incident from the substrate side with unit amplitude. The acoustic band gap is indicated with a double arrow. At the center of the stop band a confined mode can be distinguished, marked with a star. The atomic displacement profile inside the structure corresponding to the confined acoustic mode is shown in Fig. 1(c) , where an exponentially evanescent decay of the displacement amplitude is observed along the extension of the DBR.
The hybrid nanocavity described in the previous paragraph was grown on a (110)-oriented TbScO 3 substrate by reactive-MBE. The resulting sample was characterized using high-angle annular dark-field scanning transmission electron microscopy (HAADF-STEM) [46] and XRD spectroscopy. A low-magnification image showing part of the grown structure is presented in Fig. 1(a) . The thorough characterization revealed the samples to have sharp interfaces, and a deviation with respect to the nominal layers thickness of about ±1 unit cell (see Appendix A for details).
The sample was experimentally studied by reflection-type pump-probe experiments at room temperature [24] . We used a high-speed asynchronous optical sampling (ASOPS) setup [37] [38] [39] . The ASOPS system is based on two femtosecond titanium:sapphire oscillators each providing 60 fs pulses at a f R = 0.8 GHz repetition rate. The repetition rates are stabilized at a fixed frequency difference f = 5 kHz. For pump-probe experiments, one laser delivers the pump pulse generating coherent longitudinal-acoustic phonons, while the second one acts as a probe, sensing the instantaneous optical reflectivity of the sample, sampling the 1.25-ns-long time window. The pump and probe wavelengths are 785 and 830 nm, respectively. It is important to highlight that at these wavelengths both pump and probe beams only interact with the SRO layer, implying a spatially highly selective transduction. In other words, the phonons are generated and detected exclusively in the SRO layer. A typical incident pump (probe) laser power of 100 mW (10 mW) was used.
The top-left panel of Fig. 2 shows the transient optical reflectivity measured (black curves, E) on the hybrid nanocavity. This curve was obtained by subtracting the slowly varying components induced by the excited carriers and the temperature evolution of the sample [47] . A single-frequency oscillation decaying in time is observable. As we will discuss later, these oscillation corresponds to the acoustic phonons confined in the SRO/STO cavity spacer. The red line (T) corresponds to a simulation of the full pump-probe experiment based on a photoelastic interaction using an implementation of the transfer matrix method [48] . For this simulation, we assumed that (i) light absorption only occurs in the SRO and (ii) the photoelastic constant is nonzero only in the SRO. The simulations reproduce the time decaying behavior of the monochromatic signal remarkably well. By performing a numerical Fourier transform of the extracted oscillations, it is possible to recover the frequencies of the phonons modulating the optical properties of the SRO layer. The right panel of Fig. 2(a) shows the Fourier transform amplitude where one clear peak is present in the spectrum. The peak at ∼96 GHz corresponds to the confined modes in the SRO cavity spacer. The red curve corresponds to the Fourier transform of the simulated signal in the left panel. The full width at half maximum (FWHM) of this cavity peak is ∼3 GHz, corresponding to an acoustic quality factor of Q ∼ 30. As verified from comparison with the simulated spectra the Q factor, or equivalently its associated modes lifetime (τ ν ∼ 100 ps), is mainly limited by the transmission into the substrate, which is determined by the number of periods chosen for the DBR. Such confinement lifetimes and Q factors are comparable to results obtained for acoustic semiconductor nanocavities, measured by high-resolution Raman spectroscopy [49] .
We have performed similar experiments on a nanocavity with the same sequence of layers, but without the SRO layer. In this case, no coherent phonons were observed when using infrared laser wavelengths due to the lack of an efficient local photoacoustic transducer. This confirms the essential role of the SRO layer as an efficient sub-THz phonon transducer compatible with high-quality epitaxial growth and the commensurate structure that results. It is also worth mentioning that an additional peak corresponding to the Brillouin mode exists at ∼30 GHz (not shown) [47] , mainly originating in the massive transparent substrate and aided by the very small residual optical transmission of the SRO layer.
III. DYNAMICS IN PHONONIC MOLECULES
By coupling two identical cavities, it is possible to form the equivalent of an acoustic molecule [11] . In the phononic molecule, the modes of the two individual cavities hybridize to form two eigenstates of the full structure: one symmetric and one antisymmetric with respect to the center of the molecule. Two aspects characterize the acoustic molecule: (i) the presence of these two acoustic modes and (ii) an elastic energy distribution of these two modes that is shared by the two cavity spacers. When the system is excited at one of its resonant energies, there is atomic displacement in both cavity spacers. By the same token, when one individual cavity spacer is excited, and since both modes have projections onto this cavity spacer region, the two eigenmodes of the molecule will be excited with a characteristic beating that is a fingerprint of a coupled mode. As we show below, the presence of the SRO layer allows for the localization of the phonon wave packet in both time and space.
In the phonon molecule structure studied, one of the cavities is a hybrid acoustic cavity similar to the one studied in the precedent section, while the second degenerate cavity is an oxide BTO/STO distributed Bragg reflector with a λ/2 BTO spacer. A schematic of the sample is shown in Fig. 3(a) . The full structure consists on a SRO/STO cavity spacer, one intermediate DBR, a BTO cavity spacer, and a second DBR. This structure was epitaxially grown on a (110) DyScO 3 substrate, and its structural characterization revealed that the sample has sharp interfaces up to unit-cell abruptness (see Appendix A). Due to the high acoustic impedance mismatch between the BTO and the other two materials [8] , only one period in the central DBR suffices to achieve a moderate coupling between the cavities. Again, the most important feature is that the generation and detection of the phononic effects is exclusively localized in the top cavity spacer, i.e., in the SRO cavity layer.
The calculated surface displacement for unit amplitude vibrations incident from the substrate as a function of energy is shown in Fig. 3(d) . The double arrow indicates the extension of the acoustic mini-gap while the stars mark the spectral position of the resonant frequencies. Two clear modes at 85.9 and 101.5 GHz, symmetrically split from the uncoupled confined energy value 93.7 GHz, are observed inside the acoustic stop band. In Fig. 3(b) , we show the simulated displacement profile corresponding to the two eigenmodes of the molecule. Note that the amplitude presents its maximum in the area of the acoustic cavity spacers and exponentially decays into the DBR towards the substrate. The opposite symmetry of the modes is also evident in the region of the second acoustic spacer (BTO). The simultaneous excitation of the two modes, as is the case in our experiments, results in a displacement profile where the elastic energy is mainly concentrated in one of the cavity spacers. The blue (red) curve in Fig. 3(c) presents the elastic energy distribution resulting from the coherent addition (subtraction) of the eigenmodes displacement profiles where the energy is mainly localized in the hybrid SRO/STO (or conversely the BTO) cavity layer, indicated by the corresponding shaded areas. It is worth emphasizing, that the eigenmode-subtraction has an extremely low weight at the SRO/STO cavity layer, whereas the eigenmode-addition has it maximal weight at the hybrid SRO/STO effective cavity layer.
The transient reflectivity curve measured on the hybrid molecule is shown in Fig. 2(b) . A clear beating signal is observable, with a period of τ R = 64.1 ps. This signal decays in time as in the case of the single cavity structure studied in the previous section. The periodic signal corresponds to a phonon packet that spatially oscillates between the two cavity spacers, modulating the optical reflectivity of the SRO each time it reaches the surface cavity layer. It is the presence of this localized SRO transducer that allows the launch, and the locally probing of the wave-packet dynamics. In red, we present simulations of the pump-probe experiments that again reproduce the phonon dynamics in the molecule remarkably well. The Fourier transform of the measured (simulated) signal is shown in the right panel of Fig. 2(b) in black (red) . Two clear peaks at 85.9 and 101.5 GHz are observable, which is the characteristic feature of the phononic molecule. Figure 4 shows a simulation based on the transfer matrix method of the total acoustic displacement as a function of the spatial position (z) and time (t) corresponding to a localized generation in the SRO spacer at t = 0. We first study the case of the simple hybrid single cavity [ Fig. 4(a) ]. After the first few picoseconds, where the displacement is only localized in the SRO layer, it is possible to distinguish the propagating pulselike component escaping towards the substrate. Only those phonons with the frequency of the cavity mode will remain trapped in the SRO/STO bilayer. A slow decay can be observed in the intensity of these cavity confined phonons. Note that in the pump-probe experiments only phonons present in the SRO layer produce a modulation of the optical reflectivity at the cavity mode frequency. The vertical white line indicates the interface between the substrate and the structure. The small change in the slope (see green-dotted lines) of the escaping acoustic pulse originates from the different effective speed of sound of the structure and the substrate. At this interface, due to the acoustic impedance mismatch, a weak part of the acoustic beam is reflected towards the air/sample interface.
The phonon dynamics in the molecule is analysed in Fig. 4(b) . As is the case of the single hybrid cavity, we can identify the propagating pulselike component escaping towards the substrate. The remaining phonons show characteristic molecule beatings: the weight of the signal oscillates back and forth between the two spacers (located around 10 and 80 nm from the surface and indicated by the vertical dotted white lines) with a period of τ R = 64.1 ps. The inverse of this period, τ −1 R = ν 2 − ν 1 = 15.69 GHz, is proportional to the separation in frequency of both modes, and thus to the coupling strength between them. The horizontal arrows match the time of those displayed in Fig. 2(b) and correspond to the situation where the "pure" symmetric (green arrow) or antisymmetric (cyan arrow) mode combination is reached. By observing the intensity of the acoustic displacement at the top cavity layer it is possible to infer the periodic nature of the measured signal, demonstrating the importance of having a localized acoustic-phonon generator and detector in a complex structure. In this case, the SRO allowed the system to be prepared in a particular initial state and the beating of the molecule to be measured directly in the time domain using NIR pulsed lasers.
IV. BLOCH-LIKE OSCILLATIONS OF ACOUSTIC PHONONS
Bloch oscillations of a particle take place under the action of a periodic potential when a constant force is acting on it.
The application of a constant force results in the acceleration of the particle until it reaches the edge of the first Brillouin zone. At this point, Bragg scattering of the particle by the lattice potential takes place, flipping the sign of the particle velocity. In the Brillouin zone, the particle reappears in the other zone edge of the first Brillouin zone with a negative velocity. In real space, under a constant force the resulting motion of the particle is oscillatory instead of uniformly accelerated. This phenomenon was originally proposed by Bloch and Zener for electrons [1, 50] , and took some 60 years to be experimentally demonstrated [2, [51] [52] [53] . In solid state physics the Wannier-Stark ladder is the spectral counterpart of Bloch oscillations, and is characterized by a series of equidistant eigenmodes.
The lack of charge of photons and phonons makes it difficult to define a photonic or phononic potential, respectively. A few years ago it was demonstrated that by concatenating a series of identical cavities it is possible to define a band [11] . The artificial band is centered on the energy of the individual cavities, the bandwidth is determined by the intercavity coupling, and two band gaps are created (lower and higher energy band gaps). It is also possible to mimic the effect of a potential by slightly detuning the energy of the individual cavities as a function of the position. The effect is equivalent to tilting the bands and band gaps. This strategy led to the experimental demonstration of Bloch oscillations of photons [43, 45] , phonons [15, 54] , and surface acoustic waves [44] , among others. This information is essentially concentrated in the observation and measurement of the associated Wannier-Stark ladder. Direct access to spatial localization information and to the oscillation dynamics of phonon Bloch oscillations is, however, still missing. By scaling-up the engineering of coupled acoustic cavities, and by using the unique characteristics of the SRO as a local generator and detector of coherent acoustic phonons, we now show that it is possible to spatially localize the measurement of Bloch-like oscillations.
We present both measurements and theoretical simulations of a system composed of ten coupled acoustic cavity structures supporting Bloch-like spatial oscillations of acoustic phonons. Each cavity consists of a λ/2 spacer and a single λ/4 BTO layer acting as an interference mirror, as shown in Fig. 5(a) . The first cavity spacer is made of SRO/STO, while the other nine spacers are made of STO. The structure was designed to present a nominal energy gradient of ∼10 GHz/cavity, starting with the SRO/STO cavity at 75 GHz. As in the cases of the single hybrid cavity and the phononic molecule, the sample was grown by reactive-MBE on a (110) DyScO 3 substrate. Figure 5 (b) shows the calculated surface displacement profile as a function of phonon energy. The rich spectrum shows regular peaks between 60 and 110 GHz, and a second series of peaks between 120 and 220 GHz. Each peak corresponds to a phononic mode with the energy mainly localized between the air-sample interface, which acts as a perfect mirror and the region in space where coherent Bragg interference takes place. Note that this effect can be described in terms of tilted effective bands for the acoustic phonons as discussed in Appendix B. The measured optical transient reflectivity signal is shown in black in Fig. 5(d) . The slowly varying signal corresponding to the thermal and electronic evolution of the metal was removed for clarity. Well defined oscillations with decaying amplitude in time can be observed that last for more than ∼200 ps. This decay in amplitude is mainly attributed to transmission into the substrate as in the previous cases. The SRO layer provides a unique means to measure time-resolved localized strains, allowing us, to measure the oscillations of complex acoustic phonon waves in the time domain. This same structure is also a local phonon generator, launching the acoustic phonons from a particular element in the array of phononic resonators.
Fourier transforms of both the measured (black) and simulated (red) signals are shown in Fig. 5(c) . A rich and complex Stark-ladder-like spectrum can be observed, and most of the measured peaks can be associated to the surface displacement peaks of Fig. 5(b) . The agreement between the simulated and the measured spectra is remarkable. These are Wannier-Stark ladderlike modes.
When the modes of the Wannier-Stark ladderlike feature are excited from the SRO cavity, the acoustic phonons will propagate until they reach the region on the sample matching a Bragg condition where they will be reflected, changing the sign of the phonon velocity. When the phonons reach the surface, they are reflected changing the sign of the oscillation. This perfect reflection can be seen as an antisymmetric boundary condition: in this way, the full Bloch-like oscillation will be completed with a second round trip to the Bragg-condition zone of the sample. In Fig. 5(d) , the red and green lines are a guide to the eye to indicate the Bloch-like behavior of the detected signal, with a period of approximately ∼65 ps. Each maximum corresponds to the arrival time of the phonon wave packet at the SRO layer, the only place where they can be detected. Also noteworthy is the inversion of the signal that occurs in each detected period [indicated with green lines in Fig. 5(d) ], in full agreement with the total reflection suffered by the wave-packet at the surface of the sample.
V. CONCLUSIONS
Using picosecond ultrahigh frequency acoustics and local transducers we have demonstrated that it is possible to access the full information characterizing complex wave localization phenomena, a unique feature as compared with photons and electrons. Additionally, GHz acoustic phonons provide a unique way to couple to other relevant excitations in solids, for example, spins, two-level systems, and polaritons, all relevant to novel quantum information technologies.
By employing a surface SRO cavity, we generated confined acoustic phonons. The metallic character of the SRO allowed us to selectively generate and monitor spatially localized acoustic phonons in the technologically relevant 100-GHz frequency range, paving the way to study novel materials in nanophononics. This structure was used as a building block to design a double cavity system, where a surface SRO cavity was coupled to a BTO cavity, forming a phononic molecule. The selective spatial excitation of confined acoustic phonons allowed us to experimentally localize the generated complex waves and thus study the coupling dynamics between the two acoustic-phonon resonators. Phonons were generated exclusively in the SRO cavity, and then the energy was transferred from the SRO and the BTO cavities. The beating dynamics between two modes of a molecule has been clearly observed in the time domain. In the last section of this work, we introduced a system formed by one hybrid acoustic nanocavity coupled to an array of nine cavities. Such a system is able to support Bloch-like acoustic-phonon oscillations. We experimentally showed that phononic modes trapped between the air-sample interface and the bandgaps resulting from the coupling of the nanocavity modes can generate spatial oscillations of the acoustic phonons when excited from the metallic surface. The direct access to spatial and time domain dynamics unveils for the first time the full wave function behavior in these resonator-based structures. The potential of incorporating SRO as a light/hypersound transducer inside STO/BTO structures thus constitutes one of the first steps towards the engineering of new nano-optophononic applications involving complex structures and the study of localized light-charge-phonon interactions. diffraction peaks resulting from the substrate. Satellite peaks are originated by the diffraction from the oxide heterostructure, which has a total thickness of about 225 nm.
Structural characterization is not only important to establish the outstanding quality, interface abruptness, and layer thicknesses of the reactive-MBE grown structure, but it is also essential to test the models that are used for the sample design and those used to performed the simulations, which describe the interaction processes and the acoustic phonon dynamics in these heterostructures. Precise determination of the width of each individual layer was performed using high-angle annular dark-field scanning transmission microscopy (HAADF-STEM) [46] , which provides atomic resolution. Using the latter technique, the meticulous counting of the number of unit cells (u.c.) for each of the grown layers was performed. Figure 7 shows high-magnification HAADF-STEM images that exemplify the procedure under which the number of unit cells (u.c.), within each layer of all three samples, was obtained. Panel (a) corresponds to the hybrid nanocavity, where the left image shows one and a half periods of the BTO/STO acoustic distributed Bragg reflector (DBR), and the image on the right shows the close up view of a STO-BTO interface with clear resolution at the unit cell level. Panel (b) shows one DBR period of the hybrid acoustic phonon molecule. This thorough characterization enabled the precise determination of the number of unit cells for each layer, and the error was estimated to be of about ±1 u.c.
In Fig. 8 , low magnification HAADF-STEM images are compared to the corresponding sketch of the structure of each sample. In each layer the material, either STO or BTO, is indicated and the subscripts indicate the determined number of unit cells. The region of the samples shown in each image is delimited by the arrows and is indicated by the horizontal thick red line at the top axis of the sketches. Panel (a) corresponds to the hybrid acoustic molecule (coupled acoustic cavities), and (b) to the sample displaying Bloch-like oscillations. The sketches are the same as those presented in Figs. 3(a) and 5(a) , respectively.
APPENDIX B: ACOUSTIC BLOCH OSCILLATIONS
The sample displaying Bloch oscillations is the most complex of all three, not only with respect to its design, but also due to the difficulty of its growth. Here we are dealing with several layers with thicknesses that need to be carefully matched and achieved in order to obtain the desired effect. As explained in the text, the sample is formed by the stacking of 10 coupled effective λ/2 cavities of STO, each with its corresponding acoustic mirror. Given the extremely high impedance mismatch of these oxides, a difference with respect to devices proposed using, e.g., semiconductor materials [11] , is that only a single λ/4 BTO layer is enough to act as an interference mirror. The nominal frequency gradient between cavities was designed to be of the order of ∼10 GHz/cavity. The experimental gradient, as derived from the individual layer characterization using HAADF-STEM, discussed in Appendix A, turned out to be slightly lower and of (9 ± 1) GHz/cavity, remarkably close to the value of our design. Figure 9 (b) shows the effective acoustic potential achieved by this structure [11, 45] , i.e., allowed energy band diagram. This energy band structure represents, for each cavity number, what would be the mini-bands and mini-gaps of an infinite system composed of identical cavities. As such, they are not the real band structures of the system, but useful illustrations. The mini-band originating from the nanocavity confined states is the central black one. The bands are tilted as a function of cavity number (#) reflecting the effective linear potential that has been introduced. The allowed mini-band is bounded by forbidden regions at higher and lower energies, indicated by the yellow areas. We will refer to these latter regions, as upper and lower mini-gap bands, respectively. The purpose of such a scheme is to emphasize the spatial dependence of the modes which vary linearly in the case shown, and is useful to define what are, roughly speaking, the allowed energies. Cavity #1 corresponds to the SRO cavity, and #10 to the one just above the substrate. As was previously discussed for a single cavity, the surface of the sample acts as a perfect broadband mirror for the acoustic phonons.
By comparing Fig. 9(b) with Fig. 9 (c) [same as Fig. 5(c) ], we can assign the peaks between 75 and 120 GHz to acoustic phonons trapped between the air-sample interface and the low-energy stop-band of the couple-cavity system, and the second family of peaks between 125 GHz and 170 GHz to acoustic phonons trapped between the air-sample interface and the high-energy stop-band of the couple-cavity system [55] . When these modes of the Wannier-Stark ladder are excited from the SRO cavity, the acoustic phonons will propagate until they reach the region on the sample matching a Bragg condition where they will be reflected, changing the sign of the particle velocity; this region coincides, to a first order of approximation, with the presence of the upper or lower band gaps. When the phonons reach the surface, they are reflected, changing the sign of the oscillation. This antisymmetric boundary condition is essential to observe the Bloch-like oscillatory behavior. A major difference between our results and previously reported phononic Bloch oscillations is the period. For prior results it is not only determined by the energy difference between neighbor cavities, but approximately twice this value, because the phonons are not trapped between two band gaps.
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For completeness, we also show for this sample the comparison between experiments and theory in the time domain. In Fig. 9 (a) the corresponding experimental temporal trace in black [same as in Fig. 5(d)] , and the simulated curve in red and vertically shifted for clarity, are reproduced. As can be well noticed, the overall agreement of experiment and theory is remarkable. 
